Abstract. The transmission ratio of the planar fourbar, i.e. the ratio of the angular velocities of input link and output link, is a function of the input angle. Freudenstein [1] showed how to calculate stationary values of the transmission ratio. In the present paper a new method is described. Like Freudenstein's method it results in a sixth-order polynomial equation.
INTRODUCTION
The planar fourbar is composed of four links, namely the fixed link of length , the input link of length r 1 , the output link of length r 2 and the coupler of length a (see the fourbar A 0 ABB 0 in Fig. 1 ). The angles of rotation of input link and of output link relative to the fixed link, both positive counter-clockwise, are denoted ϕ and ψ , respectively. The transfer function determines ψ as function of ϕ . The time derivative of this function yields an expression for the transmission ratio i =φ/ψ as function of ϕ . Subject of investigation are stationary values of i(ϕ) . In ref. [1] Freudenstein gave a sixth-order polynomial equation for a certain geometrical variable. The roots of this equation determine the input angles at which i(ϕ) is stationary. In the present paper a new sixth-order polynomial equation with cos ϕ as variable is formulated. It is shown that the coefficients of this polynomial are invariant with respect to an interchange of and r 1 . From this it follows that two fourbars with interchanged link lengths and r 1 have stationary transmission ratios i max and i min , respectively, at identical input angles ϕ . Under certain conditions on the link lengths the polynomial is of fifth or of third or of second order. It is not shown in the present paper that also Freudenstein's equation can be written in a symmetrical form and that it leads, under the same conditions on link lengths, to fifth-, third-and second-order equations 
TRANSFER FUNCTION
In the x, y -system shown in Fig. 1 the end points A and B of input link and output link have the coordinates x A = r 1 cos ϕ , x B = + r 2 cos ψ , y A = r 1 sin ϕ , y B = r 2 sin ψ .
(1) Fig. 1 . Fourbar F and the associated fourbar F * with link lengths r 1 and interchanged
The constant length a of the coupler requires that (x B − x A ) 2 + (y B − y A ) 2 = a 2 . This results in the transfer function f (ϕ, ψ) = 0 :
Equation (2) has the form
with coefficients
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For every angle ϕ there exist two solutions ψ 1 and ψ 2 . They are determined through their sines and cosines:
These expressions depend on three parameters only, namely on r 1 / , r 2 / and a/ . Equations (5) yield
The angles ψ 1 and ψ 2 are real for all angles ϕ satisfying the condition A 2 +B 2 −C 2 ≥ 0 . Let φ denote all angles ϕ for which the equality sign is valid. From Eq.(9) the cosines of these angles are obtained:
These angles are limit angles of fourbars in which the input link cannot rotate full circle. The limit positions are characterized by collinearity of output link and coupler.
INTERCHANGE OF INPUT LINK AND FIXED LINK
In Fig. 1 the fourbar A 0 ABB 0 with link lengths , r 1 , a , r 2 is called fourbar F. Broken lines parallel to the fixed link and to the input link define the point P. The quadrilateral B 0 PAB is drawn one more time in dotted lines. The dotted quadrilateral is called fourbar F * . Its fixed link has length r 1 and its input link has length . Both fourbars have the same coupler and the same output link. If F is a foldable fourbar then also F * is foldable. If F is a double-rocker of first kind (of second kind) then also F * is a double-rocker of first kind (of second kind). If F is a double-crank then F * is either a double-crank or a crank-rocker. If F is a crank-rocker then F * is either a double-crank (if fixed link and crank are interchanged) or a crank-rocker (if fixed link and rocker are interchanged).
In Fig. 1 F and F * have one and the same input angle ϕ . The relation between the output angles ψ and ψ * is seen to be
For a given angle ϕ Eqs.(6) determine in the fourbar F two angles ψ 1 and ψ 2 and in the fourbar F * with coefficients A * = 2r 2 (r 1 − cos ϕ) , B * = −2 r 2 sin ϕ , C * = C two angles ψ * 1 and ψ * 2 . The coordination of these pairs of angles is as follows: ψ 1 +ψ * 2 ≡ ϕ+π . This is verified by substituting A, B, C and A * , B * , C * into the equation cos ψ 1 cos ψ * 2 − sin ψ 1 sin ψ * 2 ≡ − cos ϕ .
TRANSMISSION RATIO
The angular velocity ratio i =φ/ψ is called transmission ratio of the fourbar. An analytical expression for the ratio 1/i is found by differentiating the transfer function f (ϕ, ψ) = 0 with respect to time:φ ∂f ∂ϕ +ψ ∂f ∂ψ = 0 .
This yields
Equation (3) yields
whence follows
r 2 sin ϕ + r 2 (sin ϕ cos ψ − cos ϕ sin ψ) sin ψ + r 1 (sin ϕ cos ψ − cos ϕ sin ψ) and with Eqs.(6)
From Eqs.(5) it follows that
A sin ϕ − B cos ϕ = 2r 2 sin ϕ , B sin ϕ + A cos ϕ = 2r 2 ( cos ϕ − r 1 ) , B + r 1 (A sin ϕ − B cos ϕ) = 0 .
   (17)
These equations in combination with Eqs. (7) and (8) yield the final formula
with dimensionless constants
These constants are related as follows:
From the first relation in combination with the definition of p 2 it follows that p 2 ≥ 1 . The equality sign applies if and only if r 1 = and with this p 1 = p 2 = 1 . This, in turn, has the consequence that the denominator expression cos ϕ − p 2 in Eq. (18) is zero only if the two conditions ϕ = 0 and r 1 = are satisfied which implies that also r 2 = a . This indicates the folding position of a rhomboid fourbar. The square root in the denominator of Eq. (18) is zero only if ϕ is one of the limit angles φ 1,2 of the input link which must then be a rocker (see Eq. (10) . A relation between the ratios 1/i and 1/i * of the two fourbars with interchanged link lengths is obtained by differentiating the identity Eq.(11) with respect to time:
STATIONARY VALUES OF TRANSMISSION RATIO
Let P 1 be the center of rotation of the output link relative to the input link, and let P 2 be the center of rotation of the coupler relative to the fixed link. The former is the point of intersection of coupler and fixed link (also referred to as base line), and the latter is the point of intersection of output link and input link. Freudenstein [1] discovered that a stationary value of the transmission ratio occurs in positions in which the line P 1 P 2 is orthogonal to the coupler. Based on this general rule Freudenstein developed an analytical method for the determination of the associated angles ϕ. In the present paper Freudenstein's rule is applied only to the special case that a stationary value occurs at ϕ = 0 or at ϕ = π . In these cases, P 1 and P 2 are located on the base line, and the coupler is orthogonal to the base line. Then, the parameters satisfy the condition stationary value at ϕ = 0 :
stationary value at ϕ = π : ( + r 1 ) 2 + a 2 = r 2 2 .
The new method is based on Eq.(18). With the abbreviation x = cos ϕ this equation is written in the form
The stationarity condition d(1/i)/dx = 0 has the form (the prime denotes the derivative with respect to x ) ∓(p 1 − p 2 )P 2 = (p 3 − p 2 )P Q + (x − p 2 )(x − p 3 )(P Q − QP ) . 
The special case r 1 = is characterized by p 1 = p 2 = 1 and, therefore, by the third-order equation
